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AFFINE CONNECTIONS AND DEFINING FUNCTIONS
OF REAL HYPERSURFACES IN C*
BY
HING-SUN LUK

ABSTRACT. The affine connection and curvature introduced by Tanaka on a
strongly pseudoconvex real hypersurface are computed explicitly in terms of its
defining function. If Fefferman’s defining function is used, then the Ricci form is
shown to be a function multiple of the Levi form. The factor is computable by
Fefferman’s algorithm and its positivity implies the vanishing of certain cohomol-
ogy groups (of the 9, complex) in the compact case.

Introduction. Let M be a strongly pseudoconvex real hypersurface in C". Let 8 be
a nowhere vanishing real differential form on M which annihilates the complex
tangent space at each point. It is well known that there exists a unique vector field
¢ on M such that 8(¢) = 1 and £1df = 0. In [5], Tanaka has constructed a unique
affine connection V satisfying certain natural conditions with respect to £ Using
this canonical affine connection associated to £ (or #), he obtained the following
Bochner-Kodaira type formula for the boundary Laplacian [, (see S, p. 47] and
compare [4, p. 119]). Let 7'M be the bundle of (1, 0) vectors tangent to M. Then

n—1

- n—q—l q
Cle¢ = - El Vs n—1
—1
2 VoV 6+ ——— R,(9), (*)

a=1

where ¢ is a smooth section of AY(T”M)*, {X,}a=1,... n—1 is a local orthonormal
basis of 7'M with respect to the Levi metric defined by # and R, is the Ricci
operator associated to V. In case M is compact, () implies, by standard arguments,
that if the selfadjoint operator R, is positive definite everywhere, then there is no
nonzero harmonic form ¢ on M and the cohomology groups H%¥(M) of the 5,,
complex vanish, for ¢ # 0, n — 1. H%(M) here coincides with H%¥(% ) in Kohn-
Rossi [3, p. 466]. In passing, the above theory works for an abstractly given
strongly pseudoconvex CR manifold, not necessarily imbedded as a real hyper-
surface in C".

There is a choice of £ (or #) in the construction of V. One naturally asks if there
exists a most natural choice. For any defining function f on M, one may take
0 = -idf. Now Fefferman [1] has constructed special defining functions which
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satisfy a Monge-Ampere equation to order < n + 1 at M. The Monge-Ampere
equation arises from considerations of the Bergman kernel, and is intimately
related to the geometry of M. In this paper, we will show that if f satisfies the
equation to second order at M, then for the affine connection associated to

= —idf, the Ricci form is a function multiple of the Levi form. Thus, we obtain a
real-valued function A on M, computable using Fefferman’s algorithm, such that
the Ricci operator is positive definite at a point x in M if and only if A(x) > 0. If A
is everywhere positive, then the cohomology groups H%Y(M) (¢ #0,n — 1)
vanish. Relevant to an open problem posed in [1] concerning intrinsic development,
it would be interesting to know if there is some natural choice of  for constructing
V on a CR manifold.

In §1, we state explicitly all the results from [1] and [5] which we need. In §2, we
consider any defining function f and derive formulas for the affine connection and
curvature associated to § = —idf. It is interesting to compare our formulas to the
local formulas of Riemannian and Kéihler geometry as in [2]. We apply the
formulas to consider the ellipsoids and to prove the main theorem in the last
section. The formulas apply also to real hypersurfaces in complex manifolds; we
shall return to their applications to isolated singularities (cf. [S]) later.

I would like to thank Professors Masatake Kuranishi and Shiu-Yuen Cheng for
their encouragement and helpful discussions.

1. Notations and preliminaries. Throughout this paper, we use the notation of
tensor calculus. Small Greek (resp. Latin) indices always run from 1 to n — 1 (resp.
1 to n). Summation over repeated indices is understood. z', ..., z" are the
coordinates _of C", and f, fi fio - . - stand for the partial derivatives
of/9z/, 9f/0z*, 3% /02z79z*, . . . . For a C* manifold M, TM, T*M, etc. have the
usual meaning. For a vector bundle ¥ over M, CV = V ® C, I'(V) denotes the
space of C* sections in V, and V denotes the fiber over x € M.

Let M be a C* strongly pseudoconvex real hypersurface in C*. Let T’ M (resp.
T"” M) be the subbundle of CTM consisting of vectors of type (1, 0) (resp. (0, 1)) in
C”. There is a subbundle H(M) of TM and a homomorphism I: H(M) - H(M)
such that

(D)CHM)=T'M®T"M.

(@ I*=-1and T'M = {X — iIX|X € H(M)}.

At each point x € M, H (M) is called the complex tangent space at x. Let
0§ € I'(T*M) be any nowhere vanishing differential form on M which annihilates
H(M). There is a unique vector field £ on M such that

0(¢) =1 and £1d6 =0. 3)
Extend I to a tensor field of type (1, 1) on M by setting I(£§) = 0. Then,
I*(X)=-X + 6(X)¢ forany X € TM. 4)
Let w = —df. We shall consider the Levi form {, ) defined by

(X,Y)=w(IX,Y), X, Y€ECTM, x€M.
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Further we assume that { , ) is positive definite on H(M). Let E be the 1-dimen-
sional subbundle of CTM spanned by £. Thus, for each x € M, the fiber E, = C§,.
For any X € CTM, we denote by X;. (resp. X, Xg) the T’'M- (resp. T” M-, E-)
component of X with respect to the decomposition CTM = T'M @ T"M @ E.

Now we recall Tanaka’s canonical affine connection on M associated to £. This
is a connection

V:I(TM) > T(TM ® T*M)

on M satisfying the following conditions:

(5) VyI(H(M)) c T(H(M)) for any X € I'(TM) i.e. H(M) is parallel.

(6) The tensor fields &, I, w are parallel.

(7) Let T be the torsion of V. For any X, Y € I'(H(M)),

T(X,Y)=-w(X,Y) and T({ 1Y) =-IT( Y).

We shall use the following formulas [5, p. 31]. Let X, Y € I'(T'M).

@) VzY =[X, Y], . N _

) VyY €T(T'M) and {( VY, W) = XY, W) — Y, VgW) for all W €
(T'M).

(1) V.Y =LY — %I(Lfl )Y, where L, denotes the Lie derivation.

Finally, we recall Fefferman’s defining functions. Let

U ouj S u;
LY Ui

J(u) = (-1)" det| - . -, (11)
U, Upi Tt L

where u is any smooth function. In [1], Fefferman considered defining equations of
M satisfying

(11y J(u) = 1, to high order at M.
He also found a clever algorithm for u up to order n + 1.

2. Formulas for connection and curvature. Let f be any defining function of M.
Precisely, let f be a C* real-valued function defined on some neighborhood of M
such that M is defined by the equation f = 0, and df # 0 on M. Take § = —idf. The
assumption on ¢ , ) implies that fzw/w*> 0 for any nonzero vector w/d/dz/
satisfying w/f; = 0. The matrix (f;) need not be invertible. Let § = £/3/9z/
+ ¢ 9/02/. Condition (3) is equivalent to

zf,;? =1 (©)R
and
x/f, =0 implies x/f £* = 0. (3)2

Choose a local C* orthonormal basis {X, = x0/9z/},.,
respect to {, ». Thus,

a1 of T'M with

.....

xlf;=0 (12)



582 H.-S. LUK

and
x’j,;x—; = §5. (13)
PROPOSITION 1. Let
f A S
fl fﬁ fli
F= .
A X Joi
and
—<& 8 -igt .- -ign
i? ail .. ain
A= . ,
ign av ... g™

where @’ =xJ x* and (¢, £’ = 1<t &). Then FA = I, .

PROOF. f,dz’ and fj,;?dzf annihilate all X, hence they are linearly dependent.
Since df # 0, we may assume that fj,;£"= af;. Contracting with ¢ gives a =
-i¢§, £)'. Thus,

~f& &' + ifgEF = 0. (14)
Writing ¢ = x/, we have by (3), and (13)

x} R 1 R T x,)
DT~ 1 £ B ) | BT
‘ 0

1

-

|

(15)

0 & &

(xj") is invertible because £/9/0z/ & T’'M. Let ( yj") = (xj")", noting that y" = —if;
by (3), and (12). Then

_ L0
WEE =0 7 & ay
0 & &'
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Now
Soxl xk = fr(xl xk + & §%) = fra™ — it £)'f£* by (1),
while the (j, k)-element on the right of (15)' is
Vx4 6y Xk = 8F + (& & — Dy/xk = 8F + ifig" — g, £fE-.

Therefore, we get

-ifg* + fra™ = 8F. (16)
By (12),

fa*=0. a17)

Since f = 0 on M, (3),, (14), (16), (17) prove the proposition.
We shall use the following notations:

Joo Jos

F=|. - (18)
S Joi
a® a™

a=|": a (18y
a™ a™

Proposition 1 implies that F is invertible in a neighborhood of M. Let 4 = F!
and use (18) to extend the functions a*, a*® = i¢* and ¢® = 4. Then in a
neighborhood of M, we have

of + ife €% =1, O]
af + if; £ =0, (14y
~iff' + fra¥ = 8, (16y
-ift! + fra® = 0. a7y

Note that £3/3z/ + & 3/92 is not the vector field corresponding to 8 = —idf on
each level real hypersurface unless a = 0.
We now give local formulas corresponding to (8), (9) and (10).

PROPOSITION 2. Let X = x/3/3z and Y = y/3/3z’ (with x’f; = y’f; = 0) be local
C > sections in T'M. Then_

(@) VY = (X(»%) + x’y'T%)d/dz*, where T% = —ify£*.

®) VxY = (X(»*) + x¥'T})3/dz",
where T, = 37 _q,a**(3/9z/)f;z = T}

(© V.Y = (§»*) — Y(¢9))9/0z%.

PrOOF. We first derive
V.Y =[¢ Y],. (10y
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Recall #(Y) = 0 and IY = iY. Using (3), note that (£, Y]) = 0. Then
VY =[§ Y] +3I(I[4 Y] —[4 1Y]) by (10)
=[6 Y] —3[6 Y] —31[6 Y] by (4)

=%([£’ Y], +[§ Y]T") - %(i[ﬁ, Y], —i% Y]r~) =[& 1],
Next note that for any Z = a/3/3z/ + b/9/9z’ in CTM,

Z,=0(Z2), O(Z) = —ia¥, = ib¥ (19),

Z, =(a*+ iaff,é")za—k- . (19),
Z

Zp. = (b* —ib"f,—?)—a:. (19),
9z*

(a) and (c) then follow easily from (8) and (10), using (X, Y]) = i{Y, X and
0@¢ YD =0.
To get (b), observe that for any W = w'd/dz’ with w/f; = 0,
XY, W) = (Y, VgW ) = X(p*)fum W™ + xiyfim W™ since yfz T, = 0
= (X(»*) + xfa™ )fym w™ by (16)

= {x(»*) + xy!(afy; —i ,,g")} Sz W™ by (3)2.
Let o* = X(y*) + x» (@™ — if;£%). By (3), and (I7), v*, = 0, hence v*3/dz*
€ I(T'M). By (9), V4 Y = v*3/3z*. The expression for I'}; simply follows from
notations in (18) and (18)’, finishing the proof.
In the following, we consider I} and I}, as functions on a neighborhood of M,
defined by the formulas in Proposition 2.

PROPOSITION 3. Let X = x’3/0z’, Y = y/3/3z/ and W = w/3/9z/ be C* sec-
tions in T'M. Then

p— — a
R(X, Y)W= (VX V]_, —Vy VX - V[X,]_’])W= x-’ykwllz}"aw,
where
ad d d . . .
Ry = grg, ; 5~ —5;—;-1"1?} + I",;,I‘j’: + Il — I + tfj,;,«E”
and

REf, =0 modf, fi fi-

PrOOF. Decomposing [X, Y] by (19), . and using Proposition 2, one obtains by
straightforward computation

R(X, Y)W = {x"y'?w'(—a—r{f, - a—a?-r;; + 52 — r'.,r;g,)

8z’ ’

—iKX, YY(¢'W'TE + § w'Th + W(ep))} 32_;
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Now
—iCX, YYtW'T8 = X/ y* w'TyTs,  Flw' =0,
and
KX, TYWE) = 7R ()W) = 5wl T + iet),
Hence

= - 9
= k 3
RX,Y)W=1x/y w’Rﬁd—a?
with RE; as given. _

Next note that R(X, Y)W €T'(T'M) for any X, Y, W € I(T'M). Hence
x’y*w'Rff, = 0 whenever x’f, = y’f; = w/f; = 0. The following lemma then implies
that R%f, = 0 mod f;, f;;, f;, finishing the proof of the proposition.

LEMMA (QUOTIENT LAW). If @ .. ;¢ ...; are n"** numbers such that
G . X xPyf e - yl=0 whenever xlf; =0(i=1,...,r) and y/f, =
0 =1,...,8) thena, . i . c=0modf, ... ,fe---»fe-

PRrOOF. For simplicity we prove the case r = s = 1; the general case is similar.
Since df # 0, we assume that f, # 0. Consider

x=(0..., 1,...,0,-£/f) and y=(0,..., 1,...,0, —fs/f,)

(@) (B)
inaj,;xf)-z—". We get
fa fﬂ faf-
a,,-=Tna,,—+Tnaﬁ— zp -~
and verify that
J; A Sife
i = = G+ Gz — — Q
J A JA J Lz ni

finishing the proof.
PROPOSITION 4. Let X = x/9/03z/, Y = y/9/3z/, W = w/3/9z/ and U = /3 /92’
be C®* sections in T'M. Then
(R(X, Y)W, Uy = Rgmx’ y* w'u™,
where
Rim = ~fim +fp@ fiem — i(fifent” — feonfs € )
+<& O (i +fihm — fifem)-



586 H.-S. LUK

ProOF. It suffices to compute R%;f,= mod f5. There are seven terms:

3 — (- _3¢°
(5 F%l)f;:ﬁ = (f_;'kl‘smﬁ + fa ™ f}ﬁ)
= (& &' ffic +ififiyt? by (14) and (14). o)
(3‘3— rf,)f,ﬁ = & & finfie + Byt Gy

- ( 2 Fj‘;) fom = i aa_“’ Som —Siaia%hom +f; '§£=: Joi + Uuic€hom
z

—<& O fufmi — Ufant” by (14), (14), (16), (16). (i)

By (14) and (16),
Talihom = —lfafmpt’s (iif)
TG = ~ifghyt® (i
-TTEfm =0, (iv)
&% = 0. )

The proposition follows immediately.
Observe that we have

le?rn? = Rjﬁll? = Rll?jﬁ = RI:@'E: (20)
Rigm = Rigmis (1)
corresponding to the properties [5, p. 34]
(R(X, Y)W, U) =(R(X, U)W, Y
=(R(W,Y)X,U) =<(R(W, U)X, Y), (20y

(R(X, Y)W, U) =<W, R(Y,X)U>. 1y
REMARKS. (a) Formulas for R(¢, Y)W etc. are complicated and will not be used.
We shall however consider the following Ricci operator
n—1
R(Y)= 3 R(X,X,)Y, YEeEI(T'M).
a=1
(b) For the real hyperquadric defined by z°z* + i(z" — z")/2 = 0, § = 2(3/0z"
+ 3/9z") and ¢, £)’ = 0, hence R = 0. This is the flat case.

3. Applications of local formulas.
(A) Ellipsoids. Consider the ellipsoid E in C" defined by the equation

f=a,p2%2P + a, z° P+ ba,-,-z"‘?
+az"z" +az" z"+ bz"z" — 1=0, (22)
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where a,z is symmetric, b,z (= bp,,) is positive definite and b is positive. Clearly
jldm <§a £> (fkbet +flkf] j;lfkﬁ)’

It is easy to solve for (£, £)’ from the equation

0 fz & —<§»_€>' 1
A baﬁ- 0 P& = [ ]
S, 0 b i

Setting (c*) = (b,5) ', one obtains

& &(cPfef, + b£P) = 1.

Hence <¢, £)’ > 0. A simple computation then shows that for any local section Y
and any local orthonormal basis { X, } of T'M,

(R(Y), ¥ =<4, £>’2 (IXIBN Y15 + KXo T8l — KX YO4P), (23)

where (Z, W), = bﬂ-zﬂw”+ bz"w™ | Z||3 =<Z,Z)y and {(Z, W), = ap,zpw”
+ az"w".
Applying Tanaka’s results, we obtain

PROPOSITION 5. If |ag,| and |a| are small such that the right-hand side of (23) is
everywhere positive for all Y, then there is no nonzero harmonic scalar form on M and
the cohomology groups H*(E) (¢ # 0, n — 1) of the 3, complex vanish.

The same method was applied to the sphere by Tanaka [5, p. 63]. Both cases are
however very special examples of a result of Kohn and Rossi (obtained by a
different method) which states that the same cohomology groups vanish for the
boundary of any bounded strongly pseudoconvex domain in C” [3, p. 467).

(B) We now consider special defining functions. Observe that for any defining
function f of M, the equality

n
i. log|/det F| = > aBc— 9 fes (24)
az/ B,C=0 9z/

holds in a neighborhood of M.

THEOREM. (a) If f satisfies J(f) = constant + O(f*), then T}, = O(f*~").
(b) If f satisfies J(f) = constant + O (f°), then
(R(Y), T = -zKI(Y 7> foramy Y € T(T'M).
PRrOOF.
; 0 9 0 O

T = at'— f; —lodetF—a -
1 a” fu 9z g| | aszOA

by (24) and
— a .
_aAO._. _=afj‘_+1j}_£k=0
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by (14). Hence
0] b
I, = — log|det F| = — log|J(f)|,
it = 57 logldet F| = — loglJ(f)|

and (a) follows. One easily verifies as in the proof of Proposition 4 that
R, = fiefi<é £’ mod f, fr.
Setting RE; = RE; + ifific§, £)'€”, one has

— — o~ 2
R(X, Y)W = x/ y* w'RE =,

where
REf, =0 modf, fr. (25)
Now
(R(Y), Y) = J(R(Y, Y)X,, X,> by (20)
= )’j.)7 xa{é%ﬁx—am = }”;’—k R}%lfpﬁaw
= »/y* Rl by (16) and (25)
— [ AT, ¢!

— k| "kl _ . s _ ’

=y'y ( o g e <h £>)
using (a) and Proposition 3. One finishes the proof by noting that ', /9z/ =
<& £)'f mod f by (14)'.

-id¢! /02" is the function A referred to in the introduction.

REFERENCES

1. C. Fefferman, The Monge-Ampere equation, the Bergman kernel, and geometry of pseudoconvex
domains, Ann. of Math. (2) 103 (1976), 395-416.

2. S. Kobayashi and K. Nomizu, Foundations of differential geometry, Wiley, New York, Vol. I, 1963;
Vol. II, 1969.

3. J. Kohn and H. Rossi, On the extension of holomorphic functions from the boundary of a complex
manifold, Ann. of Math. (2) 81 (1965), 451-472.

4. J. Morrow and K. Kodaira, Complex manifolds, Holt, Rinehart and Winston, New York, 1971.

5. N. Tanaka, A differential geometric study on strongly pseudo-convex manifolds, Lectures in Math.,
No. 9, Department of Math., Kyoto University, Kinokuniya Book-Store Co. Ltd., Tokyo, 1975. MR 53
#3361.

DEPARTMENT OF MATHEMATICS, SCIENCE CENTRE, THE CHINESE UNIVERSITY OF HONG KONG, SHATIN,
Hone KonNG



